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Noise-aided synchronization of coupled chaotic electrochemical oscillators
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We report experimental and numerical results on noise-enhanced synchronization of two coupled chaotic
oscillators. Enhanced synchronization is achieved through superimposing small-amplitude Gaussian noise on a
common system parameter of the two chaotic oscillators. A resonancelike behavior is found: at an optimum
level of noise, maximum synchronization is attained. The simulations show that the resonance behavior occurs
with both identical and nonidentical oscillators. Noncomniasymmetric and independgmntoise does not
enhance synchronization; common noise seems to enhance synchronization.
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I. INTRODUCTION tion is determined as a function of noise intensity for both

Synchronization of chaotic dynamics has been a topic ofYP€s of superimposed noise and their effects are compared.
extensive research during the past decade. Synchronizatidhe experimental findings are supported with numerical
of complex systems is manifested in different forms: identi-simulations using a chaotic electrodissolution model. More-
cal[1], phasg 2], and generalizefB] synchronization. It has over, in the numerical part of the reported results, we com-
been shown that the different types can be treated in a unifiegare resonance curves obtained for different levels of hetero-
framework[4,5]. geneity between the two oscillators and we also compare

Noise can play destructive or constructive roles in thethree scenarios for superimposed additive noise in an attempt
synchronization phenomena of periodic and chaotic oscillato elucidate the underlying mechanism of noise-aided syn-
tors. Above the identical synchronization threshold, i.e., athronization.
strong-coupling strengths, noise can induce intermittent de-
synchronizatio6-8§]. In contrast, uncoupled periodi®,10|
and chaotic[11,12 oscillators can be identically synchro- Il. EXPERIMENTS
nized with common noise; there exists a threshold value of
noise amplitude above which synchronization i_s obtained. In A schematic of the electrochemical system is shown in
a recent Letter, the counterplay of weak coupling and wealgg 1 A standard electrochemical cell consisting of two
noise ha_s been shown Fo enhance phase synchronization gt o working electrodegAldrich, 99.99%+, 1 mm diam
nonidentical chaotic oscillatofd 3]. a Hg/HgSO,/ cc. K,SO, reference electrode, and a platinum

In this article, we show the occurrence of resonance bexeqh counter electrode is used in the experimg2is The
havior in the identical synchronization of moderately yisiance between the two working electrodes is about 4 mm.

coupled chaotic oscillators with the addition of Gaussianthe electrodes are embedded in epoxy and reaction takes
white noise. The applied coupling strength is strong enough

to cause phase synchronization, but weaker than that re-

quired for identical synchronization. It is observed that in _
this moderately coupled system both constructigenall D ¥ V0+D 5
noise amplitudesand destructivglarge noise amplitudgs C

effects of noise are important. There exists an optimum level
of noise intensity at which maximum synchronization is at-
tained. Noise-induced resonance effects have also been ob-
served in other scenarios, e.g., in amplification of a sub-
threshold deterministic signaistochastic resonange or
noise-induced periodicitycoherence resonancgl4—24.

In this paper, noise-aided synchronization is demonstrated
in experiments with two coupled chaotic electrochemical os-
cillators [21-24. Noise was added to the system in two dif-
ferent ways:(a) via common external fluctuations in a sys-
tem paramete(circuit potentia) which affects the oscillators
equally and(b) via common fluctuations in the coupling
strength of the oscillators. These two types of noise are typi-
cal of realistic physical systems. The extent of synchroniza- FIG. 1. Schematic of the electrochemical system.

lpo

external circuitry electrode electrolyte
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FIG. 2. Experiments: Chaotic dynamics without added ndge.

) . ) FIG. 3. Experiments: Chaotic dynamics at intermediate couplin
Time-series data of currents of one of the electrodbs.Time- P y ping

__strength(K=-0.5 MQ A1) with noise on the coupling strengtta)
(K=0 MQ A-Y). (c) Synchronization timet, ) as a function of YThe _synchrqnization timétsynd as_afunction of noise iptensi{jD)_.

. ) - . syn . (b) Time-series data of current differences of two oscillators without
coupling Str?rllgth‘K' (@) Time series of current difference at noise(D=0 MQ A™1). (c) Time-series data of current differences of
K==1 MO A™ Vp=1.320 V. two oscillators at an optimal level of noise intensit{D

=0.05 MQ A™Y). (d) Time-series data of current differences of two
place only at the ends. The electrodes are held at the appliedcillators at large noise intensitp=0.2 MQ A™%). V,=1.320 V.
potential (V) with a potentiostalEG&G PAR 273. Zero-
resistance ammeters are used to measure the currents of the
electrodes, and data acquisition is done at 200 Hz. The exization time, tsn; the fraction of time in which the two
periments are carried out in 4.5 M sulfuric acid solution at acurrents are synchronized, i.e., the difference between the
temperature of 11°C. currents of the two electrodes, is less than a small value, here

The two electrodes are connected to the potentiostay 05 mA. We have verified that the specific value of this

through two individual parallel resistor®; ,. Small pertur-  threshold limit within reasonable values does not affect the
bations of the resistoreR; ;=Ro+dr1 5 Ry=650(2, update  qygjitative results. The chosen value corresponds to about
frequency 40 Hz, accuracy +1.1T) and the circuit potential 5o, of the size of the attractor. Other measures, such as the
(V=Vo+oV, update frequency 200 Hz, accuracy 0.03)MV gianqarq deviation of the difference between the currents of
are carried out, respectively, by a computer—controlled '€SIShe electrodes, also gave similar results. The average syn-
tor box (EF-499, Elektroflexand a 16-bit D/A card. chronization timet,, [Fig. 2(c)] increases withK; the in-

crease becomes small fg¢|=0.8 MQ AL,

A. Effect of coupling without noise A time s_eries of current (_Jlifferences _Kt:—l MQ A‘l_
shows regions of synchronized behavior and occasional
For comparison, we co'nsider firgt the ide.nticgl ?y”ChrO”ibursts[see Fig. 2d)]. The differences between the two sig-

zation of two chaotic oscillators without noiseSimilar re- 515 are usually larger at the maxima of the individual oscil-
sults under somewhat different conditions can be found in gyiong [At other conditiong22], the bursts are smaller; the
previous study[22].) TWO chaqnp oscﬂla;ors are coupled p rot5 in Fig. 2d) are likely associated with heterogeneity
through the perturbation of individual resistors, due to surface properties of the metal and/or less precise

o () = K[i(t) = ()], control of the resistors due to low curreitSince for|K|

. . . _ =0.8 MQ A~ further increase ingync is small, we consider
whereK is the coupling strengthi,(t) is the current of the the state ak=-1 MQ A~ to be the experimentally attain-

kth electrode, andii(t))=[i(t) +i,(t)]/2 is the mean current, able maximal synchronization. To test noise-induced syn-
k=1,2. Theperturbations are constrained to +100since  chronization, we picked a base state corresponding to the
the experimental setup does not allow the implementation oituation where the electrodes are synchronized for about
a wide range of resistor perturbations with high resolution50 % of the time, i.e.K=(-0.5 to (-0.4 MQ A™L In this
We apply conditiongFig. 2) at which the two electrodes state[the current differences are shown in Figgb)3and
exhibit low-dimensional chaotic behavior without added4(b)], not only are the desynchronization amplitudes some-
coupling(K=0 MQ A™Y) [21]. what larger than aK=-1 MQ A~ (i.e., in each cycle close
The time series of one of the electrodes and the currentb the maximum of the oscillations the differences are
difference between the electrodes are shown in Figg.ehd  largen, but also there are regions in which the elements are
2(b), respectively. With increasing coupling strendgththe  not synchronized for a few oscillations. We note that in this
currents become increasingly synchronifgd]. The extent base state, due to the moderate coupling, the system is phase-
of identical synchronization is characterized by the synchrosynchronized; the frequency of the two oscillators is equal.
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a 1 b This model reproduces many dynamical features of the cha-
07 = os otic behavior of the nickel electrodissolution and is repre-
¢ g | sented by the following three dimensionless ordinary differ-
7 06 o 0 ential equations:
T 05
05 = de V-e
» C—=——-12K(e)u, (1)
10 20 30 0 50 100 150 dt Ry
D (mV) £(s)
1 ¢ 1 d
du B
’é\ 05 ’g 05 at =-1.25%%(e)u+ 2d(w - u), (2
=05 =05 dw
azl.ﬁd(z—:aw+ uy, 3
o 50 100 150 1 50 100 150
t(s) £(s)

wheree is the double-layer potentiaC is the double-layer

. ) . : : . . capacitancey andw are the concentrations of electroactive
FIG. 4. Ifxperlments._g:haptlc dy_namlcs at |nterme_d|ate COUp“ngSpeCies in the so-called “surface” and “diffusion” layetss

strength(K=-0.4 MQ) A™) with noise on the potentiaka) The fficient, arkle) is defined as follows:

synchronization timétsnJ as a function of noise intensiyd). (b) a transport coeflicient, a )

Time-series data of current differences of two oscillators without k(e) = 2.5¢% + 0.01exp0.5(e - 30)], (4)

noise(D=0 mV). (c) Time-series data of current differences of two

oscillators at an optimal level of noise intensif®=20 mV). (d)  where @ is related to the surface coverage by sainéibit-

Time-series data of current differences of two oscillators at largang) chemical species. The value éis approximated by the

noise intensityD=30 mV). V,=1.300 V. sigmoidal function
B. The effect of noise on the coupling strength = 1 fore<s3s,
exd- 0.5e-357?] fore> 35.

We added Gaussian noise to the coupling strefigih
The dimensionless anodic current is given hyt)=[V

K(t) =Ko+ D¢, —-e(t)]/Ry, whereV is the imposed circuit potentigdV=V,
where ¢ is Gaussian noise with zero mean and a standart the absence of noigeand R, is the cell resistance. For
deviation of 1.0;D is the noise intensity. The synchroniza- appropriate parameter values, the model system exhibits a
tion time has a maximum &=0.05 MQ A~![Fig. 3a)]. At  period-doubling route to chao®5]. We fixed the system
the optimal noise intensity, the oscillators synchronize forParameters atVy,Ry,d,C)=(36.7395,0.02,0.11913) 1re-
longer times[Fig. 3(c)] than with very small(or withouty ~ Spectively, where low-dimensional chaotic behavior in the
noise [Fig. 3b)] or with too much noisgFig. 3d)]. The anodic currenti,(t)] is observed. The simulations were car-
increase in synchronization time is small, iy, increases ried out using a second-order Runge-Kutta integrator with a
from 60% without noise to 70% at the optimal noise inten-step size(h=0.001; in Sec. Ill C, a method designed to
sity. (The error of these values is estimated to be about +19%0lve stochastic differential equatiof6] was used to pre-

based on the analysis of segments consisting of the first andent stability problems.
last halves of the datg.

C. The effect of noise on the circuit potential A. The effect of coupling without noise

We have also explored the effect of adding noise to a FOr two oscillators, Eqcl) takes the form

common parameter, i.e., the circuit potential dg, V-e
Cr— = — —12K(guy, 5
V(1) =V, + DE. Kdt ~ R (8 ®

With increasing noise intensity we again found an optimawhere k=1,2. C, ,=C+AC, where AC is a heterogeneity
noise strength at which maximal synchrony occurfBidy.  parameter set to zero unless otherwise noted. As in the ex-
4(a)]. With too small [Fig. 4(b)] or too large[Fig. 4(d)] periments, the two chaotic oscillators are coupled through a
noise, the two systems are less synchronized than at optimpérturbation of the individual resistors,
noise [Fig. 4(c)]. The synchronization time increases from . .
about 5(%/0 to 70% at gptimal noise intensity, i.e., the syn- R(®) = Ry + Klii(t—h) =it =], (6)
chronizing effect of noise is stronger through the circuit po-whereK is the coupling strengtiiK =K, in the absence of
tential than through the coupling strength. nois@ and h is the step size of the numerical integrator.
it)=[V-e(t)]/R. is the current of thekth electrode and
lll. NUMERICAL RESULTS (i())=[iy(t)+ix(t)]/2 is the mean currenk=1,2. For the
To validate the experimental results, numerical simulanumerical simulations, the two uncoupled oscillat@R
tions were performed using the Koper-Gaspard m¢ag). =Ry) were left to evolve independently and consequently
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FIG. 5. Numerical simulations: Chaotic dynamics without added noise. The system parametersVaRy,d,C)
=(36.7395,0.02,0.11913) 1(a) Time-series data of currents of one of the oscillatds.Time-series data of current differences of two
oscillators without couplingK=0). (c) A running average of the synchronization tirftg,,) as a function of coupling strengtk,. This
average was calculated for 4000 data points using 50 data points as the length of adgréigee series of current difference g=-1
X 1075).

it)=[V-ed(t)]/R,. After a sufficiently long time, the cou- the synchronization was observed for about 50% of the time.
pling was switched “ON”, therefore E@6) should be con- A time series of current differences under these conditions is
sidered as a recursive relation that enables one to obtain ttshown in Fig. 5d).

updated current values in terms of the previous ones. These

new current values are subsequently used to calculate the B. The effect of noise on the coupling strength

updated values of functioreg, u,, andw,. ) . )

Figures %a) and 5b) show a time series and the differ- Gaussian noise was added to the coupling strergth,
tence between two time series for uncoupled chaotic oscilla- K(t) = Ko + D&, 7)
ors.

The effect of adding coupling is shown in Figich The  whereé is Gaussian noise with zero mean and standard de-
extent of synchronization is again characterized by the synviation of 1.0;D is the noise intensity. The simulation pro-
chronization timets,. The dynamics are considered syn- tocol is similar to the one explained in the previous section
chronized if the difference between the currents of the twdSec. Il A), the difference being that external noise is super-
electrodes is less than a predetermined value, in this casei®posed. For this set of simulations, the coupling term and
(dimensionless current unjtsThe extent of synchronization the superimposed noise are switched “ON” simultaneously. It
was also characterized using the standard deviation of theeeds to be clarified that for this noisy system, the algebraic
difference between the currents of the electrodes, and resulgxpressions given by E¢6) and(7) are not solved indepen-
similar to those of Fig. &) were obtained. As is evident dently but contribute to the right-hand side of the differential
from Fig. 5c), the average synchronization tintg, in-  equation[Eq. (5)].
creases with increasir|gf| and identical synchronization oc- ~ We investigated the effect of heterogeneities by system-
curs for |[K|>10" To test noise-induced synchronization, atically varying for different levels of heterogeneitiesC).
we picked a base state correspondind{to—1x 10°® where It is evident that the resonance effect diminishes as the het-
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FIG. 6. Numerical simulations: Chaotic dynamics at intermediate coupling stréiigth1 x 10°6) with noise on the coupling strength.
(@) The synchronization timés,nJ as a function of noise intensify. Superimposed are resonance curves for different levels of asymmetry
between the two electrodes. The curves labgled, A2, A3, A4) correspond to the asymmetry levedC=(0,5Xx1074,5x1073,5
X 1072, respectively. A running average tf,c was computed to suppress local fluctuations and reveal the shape of the resonance curves.
This average was calculated for 4000 data points using 50 data points as the length of gbgNayeance calculation of the individual
current difference. A running average of the variangg,.was computed to suppress local fluctuations and reveal the shape of the resonance
curves. This average was calculated for 4000 data points using 50 data points as the length of @jerage-series data of current
differences for two identical oscillatofa C=0) with very little noise(D = 0). (d) Time-series data of current differences of two oscillators
at an optimal level of noise intensit{p=1.23x 107°). (e) Time-series data of current differences of two oscillators at a large noise intensity
(D=2.8x107).

erogeneity between the oscillators is increased. Moreover, V(t) =V, + DE. (8)
variance calculation of the individual current difference ) ) ) o .
[i(2)-i(1)] yields consistent results, as shown in Figh) To reiterate, the simulation protocol is identical to the one

Figures c)—6(e) show the time series of differences be- €Stablished in Sec. Il B.
tween the currents of the two oscillators at three distinct Figure 1a) shows resonance curves for different levels of
values of D without heterogeneitie$AC=0). There is an heterogeneitfAC). The resonance effect again diminishes
optimal noise intensity where the oscillators synchronize fo@s the heterogeneity is increased. Moreover, variance calcu-
longer times[Fig. 6(d)] than with little noise[Fig. 6c)] or  lation of the individual current differendé(2)-i(1)] yields
with too much noisgFig. 6e€)]. The synchronization time consistent results, as shown in Figh) Figures {c)—7(e)
increases from 50% without noise to 55% at the optimalshow time series of differences between the currents at three
noise intensity. distinct values oD for AC=0: The optimal noise intensity
case is seen in Fig.(d). At the optimal noise intensity, the
synchronization time increases to 70% from 50% without
noise. As in the experimental observations, we find that the
synchronizing effect of noise at optimal intensity is stronger
Gaussian noise was added to a common parametehrough the circuit potential than through the coupling
namely the circuit potential, strength.

C. The effect of noise on the circuit potential
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FIG. 7. Numerical simulations: Chaotic dynamics at intermediate coupling stréiigth1 < 107) with noise on the potentigadditive
noise. (a) The synchronization timéts,J as a function of noise intensityD). Superimposed are resonance curves for different levels of
asymmetry between the two electrodes. A running averadg,gfwvas computed to suppress local fluctuations and reveal the shape of the
resonance curves. This average was calculated for 4000 data points using 50 data points as the length of average. The cuiés labeled
A2, A3, Ad) correspond to asymmetry leveC=(0,5x 1074,5x 1073,5x 1072), respectively(b) Variance calculation of the individual
current difference. A running average of the variangg,.was computed to suppress local fluctuations and reveal the shape of the resonance
curves.(c). Time-series data of current differences of two identical oscillata=0) with very little noise(D = 0). (d) Time-series data of
current differences of two oscillators at an optimal level of noise interiBity1.5x 10°%). (e) Time-series data of current differences of two
oscillators at a large noise intensit® =3.5x 107%).

D. Effect of noise symmetry on system behavior increase of synchronization time at moderate noise intensi-
ties. When the common noise is added asymmetrically, a
very low level of synchronization is observed, and the syn-

. ; T : . chronization time decreases with increasing noise intensity.
pling strength is a multiplicative, asymmetric noise; Seejnqependent noise is between the symmetric and asymmetric
Eas. D). case; the synchronization timé,,=0.47 is somewhat

In this section, we explore the differences between symgaiier than that of the base calsg,=0.5 and it is prac-

metric and asymmetric noise on the system. For this PUrPOS@cally independent of the noise amplitude in the studied
we consider only additive noise. To elucidate the role ofgnge.
noise in our moderately coupled chaotic system without het- The resonance effect is produced by the simultaneous
erogeneitieAC=0), we considered three scenarios for theconstructive and destructive effects of noise. The symmetric
superimposed additive noise & (i) Symmetrical common noise acts as a weak effective couplifg]. This weak ef-
noise[added toV as in Eq.(8)]; (ii) asymmetrical common fective coupling augments the preexisting couplikg be-
noise(V; ,=V,y D¢ for the two oscillators, respectivelyand  tween the oscillators, and the synchronization tigg. in-
(i) independent noiseV; ,=Vo+D¢; , for the two oscilla-  creases. However, at higher amplitudes of noise the
tors, respectively synchronization degrading effect of noise is observed. When
The numerical results of the effect of noise amplitude inthe noise is asymmetric, it apparently introduces an effective
the three scenarios are shown in Fig. 8. The addition of comregative coupling that decreases the preexisting coupling
mon(symmetrical noise results in a resonance curve with anstrength (K), and therefore the synchronization times

Common noise on circuit potential is a symmetric
additive noise; see Eqg) and(8). Common noise on cou-
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behavior characterized by a negative maximal Lyapunov ex-
ponent [11,12,27. Identical synchronization of two un-
coupled chaotic oscillators thus requires a high level of noise
intensity. In the moderately coupled chaotic system studied
here, however, even small amounts of noise can enhance
synchronization and large amounts of noise destroy synchro-

0.7

06 [

€—@ symmetric noise coupling

o —— asymmeiric noise caupling nization. These two effects produce the resonantlike behavior
£ #—¢ independent noise seen here in experiments and simulations. In an experimental
= system, there is always an intrinsic heterogeng24i; we
05t 1 have shown in simulations that the resonant behavior persists
M even for oscillators with heterogeneities. Two different types
of coupling have been considered. The enhancement of col-
lectivity is more pronounced for noise on a common param-
0 L . _ ) eter(such as environmental fI.uctua.tiQrman on noise via
0.5x10 1.5x10 2.5x10 3.5x10 coupling strength. The numerical simulations show that the
noise intensity D symmetry of noise is important in noise-aided synchroniza-

_ _ _ _ _ _ tion; asymmetric noise has a degrading effect and indepen-
FIG. 8. Numerical simulations: Chaotic dynamics at intermedi- 4.0+ noise has a neutral effect. The coupling effect of com-
: - o ) :
ate coupling strengtiiK==1x10") with noise on the potential 1, 5ise has been pointed out in weakly coupled oscillators
(additive noisg. The synchronization timés,,d as a function of - 15qy '\ here enhancement of phase synchronization is ob-
noise intensity(D) for (a) common noise added symmetricalli) served. Here, we have shown that comm@ymmetrio

common noise added asymmetrically, dnglindependent noise. A noi n ol n important role in identical synchronization
running average df;,,cwas computed to suppress local fluctuations OIS€ Ccan piay a portant role entical synchronizatio
f moderately coupled oscillators.

in the computed curves. This average was calculated for 4000 dafd R . .
Our results bear a similarity to an important problem in

points using 50 data points as the length of average. -~ > .
neuronal spiking: aperiodic perturbations have been shown
to increase the replicability of neuronal spike train profiles
8]. So just as in the experiments described here, the addi-
ion of a low level of noise can increase correlation between
signals.

tsync decrease. With independent noise, there is no couplin
effect; thus the synchronization properties are practlcall
unaffected.

IV. DISCUSSION

Our results indicate that two coupled chaotic systems can ACKNOWLEDGMENTS
exhibit an increased level of synchronization under the influ-
ence of common white noise with a Gaussian distribution.  This work was supported by the National Science Foun-
In uncoupled chaotic systems, noise destroys the globalation (CTS-0000483 the Office of Naval Research
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